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We derive a formula which enable us to evaluate the ADM mass in a more general curved 
spacetime. We apply the formula to evaluate the thermodynamical quantities of the Melvin 
magnetic black D-branes. We see that there is the Hawking-Page phase transition and the 
corresponding dual gauge theory will show the confinement-deconfinement transition under 
magnetic flux. 
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1 Introduction 



Historically, the formula of ADM mass in the case with metric form 

ds 2 = A(U)^ v dx»dx v + B(U)5 mn dy a dy\ (1.1) 

in which U 2 = 5 rnn dy a dy b had been first derived [1,2]. Next, Lu [3] had derived a general 
formula of ADM mass in the case with metric form 

ds 2 = -A(U)dt 2 + B(U)dU 2 + C{U)U 2 dQ 2 d + DWSijdtfdx?, (1.2) 

which has been wildly used in many literatures since then [4-7]. 

In this paper we want to consider the spacetime associated to the black D-brane under 
the Melvin magnetic field [8], which is [9] 

(-f(U) dt 2 + dz 2 + dw 2 + dr 2 + j^^j + (f(U) dU 2 + U 2 dQ 2 A ) 

(1.3) 

However, as our metric does not fall in above class we have to derive a slightly general 
formula to calculate the ADM mass. 

In section II we derive a more general formula which enable us to calculate the ADM mass 
in our cases. In section II we use this formula to evaluate the thermodynamical quantities of 
the black D-branes with magnetic field, which is dual to the finite temperature gauge theory 
under the magnetic field. We have found the Hawking-Page transition for sufficiently large 
magnetic field. The last section is devoted to a short conclusion. 



ds 2 w = Vl + B 2 r 2 



2 ADM Mass in More General Geometry 

Consider a general black p-brane with metric gMN = 9mn + ^mn in which is the D 
dimensional flat limit of the corresponding space-time metric. h MN is asymptotically zero 
but not necessarily small everywhere [1-3]. To first order in Kmn the Einstein equation looks 
like 

R { $n - \9 { SnR (1) = k 2 Qmn- (2.1) 
The ADM mass per unit volume is defined as 

M = J d D - d - x y OO . (2.2) 

The general Rmn has been given in [1,2] as 

R m I ( d 2 h p M d 2 h p N _ d 2 h p P _ d 2 h MN \ 
MN 2 I dx p dx N dx p dx M dx M dx N dx p dx p I ' K ' 
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where the indices are raised and lowered using the flat Minkowski metric. Using (2.1) and 
(2.3) we find that 



k 2 Q 



i d 2 h° 



i d 2 h 



i d 2 h M M 



p 
p 



2dx®dx Q 2dxQdx Q 2dx M dx N 
We will consider the more general metric which has a following block form 

ds 2 = -A(U, r, ..)dt 2 + [B{U, r, ..)dU 2 + C(U, r, ..)U 2 dQ 2 d ^ 

[E(U, r, ..)dr 2 + F(U, r, ..)r 2 ^_J + G(U, r, ..) £ dx 2 + ■ ■ •, 



(2.4) 



(2.5) 



In below we present a systematic procedure to find the ADM mass. 

• Step 1 : The first property we can see is that the first term in (2.4) will be canceled by 
the h° term in second term, as h — h° + • ■ •. Thus we conclude that O o does not depend 
on A. 

• Step 2 : To see how the B and C will appear in OO we first rewrite a part of line 
element in the coordinate as follow 



BdU 2 + CU 2 dQ 2 d ^ = {B- C)dU 2 + C{dU 2 + U'dQ 2 ,^) 

= ~~Jfr~ E UiUjdU i dU j + cJ2du 2 , 
u 1=1 1=1 

in which U 2 = J2i=i U 2 . This implies following two results : 

d 2 h\ 
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; dU'dU, fri dU'dUi V U 2 



B - c uf) + E d2C 
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+ 2d B ~ C - - 2 



U 2 



d 2 



d p)2ui d 

u a j ^ 
^ 8U i dU j ^ dU i dU j 

i+3 t+3 3 
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d 2 



2 ( B-C 
U 2 



dWdUj 



UiUj 



BY \ u2 } 



Now, using the property 



Y^Lu. = u.v = u?L 

Y dU* ' dU' 
if f=f(U), then (2.7) and (2.8) implies following simple result 



. ^(vo + 2{d+m d ( B u>) +d(d+1) ^jL c , ^2 



Q2 h M 



N 



(2.6) 



(2.7) 



(2.8) 



(2.9) 



(2.10) 
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which is a part of third term in (2.4). 
• Step 3 : From (2.6) we see that 

h=(B-C) + dC + ---. (2.11) 

Thus Eq.(2.4) tell us that B and C will contribute following quantity to Ooo 

°~ h V 2 {B-C) + dV 2 C-- = V 2 u {B-C) + (V%(B -C) + d V 2 v C + d (V%C+- ■ •, 



dx Q dxQ 

(2.12) 

in which V 2 / is the Laplacian on the coordinate Ui while (V) 2 / is that on the coordinates 
except Ui. 

• Step 4 : Using the formula 

V 2 uf(U) = -L<fc (u^duW)) = dlfiU) + ^duf(U), (2.13) 

we can substitute (2.10) and (2.12) into (2.4) to find that B and C will contribute following 
into k 2 0oo 

- 20 oo = ~^du (u^C) + l(V%C+ \i=±du (U d - 2 (B - O) + \{V%{B - C) + • • , 

(2.14) 

That coming from E and F has a similar formula after replacing with U — )■ r and d — >■ D. 

• Step 5 : A simple observation form (2.4) could see that G will contribute following 
into k 2 ©oo 

« 2 ©oo = ^4 (V')^G + .... (2.15) 

Finally, using (2.14) and (2.15) we can find the complete value of k 2 Q 00 . After substi- 
tuting it into (2.2) we then obtain the ADM mass. 



3 ADM Mass of Magnetic Black D-brane 



The non-extremal black D-brane we considered is described by the geometry (1.3). We 
express the corresponding metric in the Einstein frame as following 

/ Jji2 



dsj = (1+BV) 



-/(CO dt 2 + dz 2 + dw 2 + dr 2 + 



1 + B 2 r 2 



m = 1 - 1, 



#= i+ 



After the calculation the ADM mass is 
M = ^SI a L z L w kR 2 UI 



2k 2 



Uq sinh 2 7 
IP ' 

'l + B 2 R 2 ) 9 / 8 -l 



+ Hi (/([/) dt/ 2 + f/ 2 ^ 2 ) 
(3.1) 



(3smh 2 7 + 4) M2 



(3.2) 



(3.3) 
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Here we assume that the coordinate z and w is compactified on the circles of circumference 
L z and L w respectively. Brane also is wrapped on the radius with < r < R. Notice that 
terms which do not depend on the Uq are infinite and have been dropped out from M , as 
they are that of the background and shall not be regarded as parts of the black D-brane 
mass. 

The temperature and entropy could be easily calculated and results are 

3 



AhUq cosh 7 ' 

4:71 

S = — Vl a L z L w tiR 2 Uq cosh 7, 



The energy denotes that above extremality is 



1 

2k 2 ' 



E = ^n 4 L z L w nR 2 U 3 



(3 sinh 2 7 + 4) 



'8 (1 + B 2 R 2 f'* - r 
9 B 2 R 2 



3 sinh 7 cosh 7 



(3.4) 
(3.5) 

, (3.6) 



4 Hawking-Page Phase Transition in Magnetic Black 
D-brane 



To describe the dual gauge theory form above black D-brane property we have to consider 
the near-extremal configuration of the black D-brane. This could be found by the following 
limits [7]. 

First, we define h 3 = 11$ cosh 7 sinh 7. Next, we consider the following rescaling 



U -> 



Uold 



U -> 



old 



h 3 

h 3 -+ old 



£2 ' u £2 ' I 2 

and taking £ — > while keeping the old quantities fixed [7]. 



In this limit we find that 
T 3 ( 



4tt^ \ h J 



4.1T 

2^ 



Q4 : L z L w ttR 2 Uq 



h 



-3/2 



E = —rVL^LzLw-n R 2 Uq 
The free energy F = E — TS becomes 



F = ^n 4 L z L w 7rR 2 U 3 



5 3h 3 8(1 + B 2 R 2 ) 9 / 8 - 1 
+ 

''0 



2 ' US I 9 B 2 R 2 



1 3^3 /8 (1 + ^ 2 ) 9 / 8 -! _ X N 



2 ' f/ 3 v 9 



B 2 R 2 



(4.1) 



(4.2) 

(4.3) 
(4.4) 

(4.5) 
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which becomes that in [4] when B — > and free energy is negative. However, for a large B 
the free energy becomes positive. 

This means that, as noted first by Hawking and Page [10], a first order phase transition 
occurs at some critical temperature, above which an AdS black hole forms. On the other 
hand, at a lower temperature, the thermal gas in AdS dominates. On dual gauge theory side 
[11], Witten related the Hawking-Page phase transition of black holes in AdS space with the 
confinement-deconfinement phase transition of field theory [12]. Thus we have seen that the 
magnetic field could produce the Hawking-Page transition and the corresponding dual gauge 
theory will show the confinement-deconfinement phase transition under large magnetic flux. 

5 Conclusion 

In this paper we have derived a formula which enable us to evaluated the ADM mass in 
more general cases. We use this formula to evaluate the thermodynamical quantities of the 
black D-branes with Melvin magnetic field, which is dual to the finite temperature gauge 
theory under the magnetic field. We have found the Hawking-Page transition for sufficiently 
large magnetic field. This means that the corresponding dual gauge theory will show the 
confinement-deconfinement phase transition under large magnetic flux. It is hoped that the 
formula derived in this paper could help us to evaluate the ADM mass to study the thermo- 
dynamical quantities of general black brane systems. 
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